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Finding the Decision Numbers

As discussed in the main article, if the frogs are randomly numbered between 0 and 1, with the prince havin
the highest number, there is a sequence of decision numbers associated with the best strategy for choosing
top frog. Since we're meant to be doing some maths, we need some notation. We'll consider the general ca:
with N frogs, and let the number on thid frog be¥/, 7 = 1. 2... .. N |n addition, we'll try to find an

increasing sequence of decision numbérsj = 0. 1.2..... N =1 sych that we kiss thkh frog if it has

the Iargest number seen so far &nd> b~ . In other words, to think about kissing the last frog we need

Y~ = 0o, the next to last frog{v -1 = b1, and so on. The reasons for this back to front numbering of the
decision numbers should become clear below.

Let's assume that th&' — k )th frog has the largest number so far on its b#¢k; ¥, which we'll write as

just Y to make things look nicer on the page. There are thet’éiﬁw@s still to come out of the pond. If we

kiss the frog, the probability that he's the handsome prince is equal to the probability that the ré'maining
frogs have numbers less théywhich isy". That's the easy part of the calculation. The next bit is rather more
tricky, but basically just involves counting (or combinatorics as it's rather grandly called by mathematicians).

If we dona€™1 kiss the frog, but choose the next one with number Iargélf,thmncan work out the
probability that we kiss the prince by considering the situation when there are éxagstjg remaining that
have numbers higher than the current frogéé*?"and adding up our answers for all possible values of
J =1.2.....k The probability that there are exactljrogs remaining that are numbered higher thas
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equal toy’ (1 — y)* 7 times the number of different ways that we can chddsegs from the finak, which
is

( k ) R
i) k=)

The probability that the prince comes first in the sequenddw'cg‘her—numbered frogs, which is the only
position in which he can get kissed, is therefore

i( ¢ )y‘ I-yy.
J\J

The appropriate decision number for the current frog is the vali@bivhich the probability of winning by
kissing and the probability of winning by not kissing are equal. This gives us, remembering that we must sur
over all possible values df

1 k ,
y 22—.( : );f/A T1-yy,
e 6 WY,
J
or, by definingz = (1 —y)/y,
k
1 . ;
=2 = ( : )y‘:-’-
T K WO
i=1
Bringing everything over to the right hand side and factoring oug'thigves
k
L[k ;
0=¢*|-1+) =( |
! 2 ( j )
Ji=1
Sincey* cannot possibly be zero, this leads to the equation
k
Ly k 5
—1+Z7(].).:-’(). (1)
=1

Once wea€™ve found the unique positive solution of this, “* (can you prove therea€™s one and only
one positive solution?), tHéh decision number is given by

1
by, = )
5 14 24 (2)

Leta€™s try this for various values/afNote that if youa€™re up to the last frog, youa€™d obviously kiss it

if itA€™Ss the highest so far, S0 = 0. 1fk = Lthereag™s just one frog remaining after the current frog. The
average value of this final frog is 0.5, so we should kiss the last but one frog if itA€™s the highest wea€™ve
seen so far and its number satisties-1 = .5, We therefore expect that the corresponding decision number
is b1 = 0.5, Now, withk = 1, equation (1) becomes! + Z = 0 with the pretty obvious positive solution
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¢ = z+ = 1 and hence from equation (2), = 0-5, as expected.

Whenk = 2, there are two frogs remaining, and the value of the decision number is less obvious. Equation
Q) becomes after rearranging, the quadratlc equatiofr 2z - 'w = (), which has a positive solution

2 =24 =16 — 2, and hencéz = (1 + v (;) 5 == (.6899. You should be able to see these last three
decision numberé' 0.5 0.6899 on the graphs plotted in the main article. We need to solve a cubic equation
to find b3, a quartic equatlon to fm(dl and so on. Pencil and paper isna€™t much help here but, because
equation (1) has a unique positive solution “*, ita€™s straightforward to find"* iteratively using
Newtona€™s method. You can see the first 100 decision numbers in the graphs in the main article.

One other thing wea€™d like to know is how the decision numbers behéi\gﬁmslarge.

The maths gets a little harder here, so if you've had enough, you can return to the main article.

What happens as k gets large?

We can see from the graphs in the main articlelthat” 1 ask — ¢, but how fast does this happen? In
order to do this, we need to find the positive solution of equation (1) &Nhaeharge. You could have a think
about how you might do this before reading on, but IA€™Il warn you that it&€™s not easy.

The summed part of equation (1) looks like a binomial series, except for the faktémoltiplying the
terms. However, if we differentiate the series, this goes away. This suggests that we can write the equation
an integral of a binomial series, and a little experimentation shows that equation (1) is equivalent to

rz Ak .
1:/ L)t Y @3)

S

If you don&€™t believe me, use the binomial theorerfilon s)* and then integrate the series you get term
by term.

How does equation (3) help us? Well, integrals are always easier to estimate than sums, and we need to
estimate the integral in equation (3) witeis large. In generall + s)‘-_will be large Wher" is large, but the
left hand side of the equation is just 1. Leta€™s look for a solution“withd thereforé&, small. If we define

new variables = §/k andz = Z/k, equation (3) becomes
: =y
'z (14 2) -1
.y Q+g) -1, @)
Jo S
Now

k

(1 . l,i) = ('.xp{l.'lu (1 + Z;)} ~exp(8).

whenk is large. We have used the first term in the Taylor series expansiimrﬁ bft- —[—) to approximate it
here. We can therefore write (4) as

“ef -1
1 = / ——dSs. 5
Jy T3 (5)
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This is now just one equation that we must solve, since wed€™ve managed to/fewievean solve this on
a computer approximating the integral using, for example, the trapezium rule, and find the solution
z =7z = 0.80435, we nOWJust have to work our way back through our changes of variable; first,

Z4 - /k, and therbx = 1/(1 + z. /k) = (1 + z. /k) !, and hence, applying the binomial theorem to
this final result,

Z4 1 (0.80435

bk ~1-— T (e S T for k lill’_}_’,'(?.

We have therefore shown that the decision numbers do, as expected, approach 1 from’\bg&mlasge,
decaying algebraically, likk/k ask — o0,

Return to main article
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Plus is part of the family of activities in the Millennium Mathematics Project, which also includes the NRICH
and MOTIVATE sites.
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